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Disorder effects in the thermodynamic properties of a ideal Bose gas confined in a semi-infinite
multi-layer structure within a box of thickness L and infinite lateral extent, are analyzed. The
layers are first modeled by a periodic array of M Dirac delta-functions of equal intensity. Then,
we introduce structural and compositional disorder, as well as a random set of layer vacancies in
the system to calculate the internal energy, chemical potential and the specific heat for different
configurations. Whereas structural and compositional disorder does not reveal a significant change,
a dramatic increase in the maximum of the specific heat is observed when the system is depleted a
fraction of the order of 0.1 to 0.2 of random layers compared to the original, fully periodic array.
Furthermore, this maximum, which is reminiscent of a Bose-Einstein condensation for an infinite
array, occurs at higher temperatures.
PACS numbers: 74.25.Bt, 67.85.Jk, 67.10.Fj
I. INTRODUCTION
The thermodynamic properties of a non-interacting
Bose gas in layered structures have been studied [1–4] to
understand how the Bose condensate transition is mod-
ified by a periodic array of planes in one, two and three
dimensions. Layered systems provide a simple model
for high-temperature superconductivity (HTSC) mate-
rials where the conduction is believed to occur in the
well-defined copper-oxide planes. Cooper pairs may be
represented by the boson gas in underdoped cuprates
where their coherence length is similar to particle separa-
tion. When Cooper pairs are allowed to tunnel through
permeable layers, the delocalization process of the pairs
gives rise to a substantial enhancement of pairing [5].
By allowing these systems to be finite in one or two di-
mensions, it is interesting to explore how the thermody-
namic and conduction properties are modified, for exam-
ple due to the presence of surface states [6] or through
lattice disorder. In the case of a fermion gas (electrons)
in a large periodic array, lattice disorder enhances local-
ized states as was shown by Anderson almost sixty year
ago [8]. Also, localized states in a Bose-Einstein conden-
sate (BEC) have recently been observed in the context of
bichromatic optical lattices obtained by superimposing
two one-dimensional optical lattices with different wave-
lengths, or in waveguides in the presence of a controlled
disorder created by laser speckle [9–12].
Disorder or random impurities have also been shown to
produce BEC in low-dimensional systems in the thermo-
dynamic limit [13, 14] which would otherwise be impossi-
ble in an ordered lattice due to the Hohenberg-Mermin-
Wagner theorem [15]. It is therefore interesting to study
the properties of a Bose system within a disordered layer
structure of finite extent and to understand how the pos-
sible formation of a BEC can be enhanced by manipulat-
ing the positions of the layers.
In this work, we analyze the wall-disorder effects on
the specific heat of an ideal Bose gas confined to a semi-
infinite layered system described by M permeable barri-
ers within a box of thickness L and infinite lateral extent.
Disorder is created when the reference, periodic-layered
system goes to configurations with random barrier posi-
tions (structural disorder), random barrier permeabilities
(compositional disorder), or by removing a fraction of the
walls at arbitrary sites. In the case of wall vacancies,
i.e., when the periodicity is broken by the removal of a
fraction of the walls, the effects on the thermodynamic
properties of the gas are remarkable.
Our starting scheme is the derivation of the dispersion
relation for a system of N Bose particles in a layered
sample where the layers or walls are represented by Dirac-
delta functions at fixed or at random distances. In Sec-
tion II we describe our system and derive the dispersion
relation using the transfer-matrix method to obtain the
energy levels of arbitrary configurations of delta-potential
barriers. In Section III, we derive analytic expressions
for the internal energy, the chemical potential and for
the specific heat of the system. Section IV is devoted
to the analysis of plane suppressions or vacancies. Our
conclusions are summarized in Section V.
II. FINITE LAYERED SYSTEM
We consider an ideal Bose gas confined to a semi-
infinite box of thickness L and infinite lateral extent, di-
vided into M + 1 smaller boxes of width ∆j = zj − zj−1
with j = 1, ...,M + 1 such that the impenetrable border
walls are at z0 = 0 and zM+1 = L where we assume that
the wave function vanishes. Walls or barriers between
adjacent boxes are modeled by Dirac-delta potentials of
variable strength in the z-direction such that particles
are able to tunnel through adjacent boxes while they are
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FIG. 1: (Color online) The ordered, layered-system with per-
meable planes at fixed separation a. The length of the system
in the z-direction is L = (M + 1)a and infinite in the other
two directions.
free to move in the x- and y-directions (Fig. 1). The
(internal) wall permeability is inversely proportional to
the strength of the delta potential .
The M Dirac-delta potentials in the z-direction are
given by
V (z) =
M∑
j=1
vjδ(z − zj).
which in 3D become surfaces of strength vj located at
zj . For the ordered or periodic, reference system, ∆j = a
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FIG. 2: Energy levels of: (a) ordered system and (b-e) removal
of {1}, {1, 2}, {1, 3}, and {1, 10} planes.
and vj = v for all j. Then the dispersion relation in the
z−direction is given by [7]
Λ
sin(κa)
κ
+ cos (κa) = cos
(
(i + n− 1)pi
M + 1
)
(1)
with i = 1, 2, 3, . . . ,M + 1, n = 1, 2, . . . is the en-
ergy band, Λ = mv/~2 and the z−direction energy lev-
els are εκi,n = ~
2κ2i,n/2m, where κi,n are the solutions
to Eq. (1). The band structure defined by Eq. (1)
is already discernible when the number of planes is as
small as M ∼ 10, as shown in Fig. 2-(a). Disorder in
the multi-layered system is introduced by allowing the
separations ∆j and/or the strengths Λj to be different
by a random variation of its reference values within a
“noise” interval. In this case, it is more convenient to use
the transfer-matrix method relating the wave-functions
in the z−direction between adjacent regions separated
by Dirac delta functions. In the interval j we have
ψj(z) = Aj exp(iκz) +Bj exp(−iκz) and
(
Aj
Bj
)
= Tj
(
Aj+1
Bj+1
)
,
where
Tj=

 1 +
iΛj
κ
ie−2izjκ
κ
− ie2izjκ
κ
1− iΛj
κ

 , j = 1, 2, ...,M (2)
and we assume box boundary conditions
ψ1(0) = ψM+1(L) = 0. (3)
For a system of M potentials we have
(
A1
B1
)
=

 M∏
j=1
Tj

( AM+1
BM+1
)
= τ
(
AM+1
BM+1
)
where τ =
M∏
j=1
Tj is a 2 × 2 matrix and the dispersion
relation that defines the z−direction energy levels is given
in terms of the elements of the product matrix τ by
Im
[
(τ11 + τ12) e
−iκL
]
= 0. (4)
For a periodic system, Eqs. (1) and (4) are equivalent. In
each band, there are M discrete levels due to the barri-
ers and an additional level at the top of the n-band with
κM+1a = npi. When a finite number of layers is sup-
pressed an equal number of levels in each band is moved
down to the forbidden region. For example, in Fig. 2 we
show the first two energy bands with M + 1 = 11 lev-
els when one layer (b) or different sets of two layers are
removed (c− e). Level degeneracy is observed when the
removed layers are at symmetrical positions as shown in
the diagram of Fig. 2-(e).
III. THERMODYNAMIC PROPERTIES
When there is no interaction between the particles, the
partition function for this system is
Z =
∞∏
n=1
M+1∏
i=1
(
1− ze−βεi,n)−1 ,
3where z = eβµ is the fugacity and the single-particle en-
ergies are
εi,n =
~
2(k2x + k
2
y)
2m
+ εκi,n
The thermodynamic properties of the system are ob-
tained from the grand potential
Ω(T, V, µ) = −kBT lnZ =kBT
∑
n,i
ln
[
1− e−β(εi,n−µ)
]
.
When the system size in the x- and y-directions is in-
finite, sums become integrals and the number equation
N = ∂Ω/∂µ becomes
N =
∑
n,i
(
L
2pi
)2 ∫
dkxdky
{
α−1κi,n exp
[
λ2
2pi
(k2x + k
2
y)
]
− 1
}−1
(5)
where
ακi,n = e
β(µ−εκi,n),
λ2 =
h2
2pimkBT
.
Integration over kx, ky yields
N = −
(
L
λ
)2 ∞∑
n=1
M+1∑
i=1
ln(1− ακi,n),
which may be expressed in terms of the ideal boson gas
(IBG) condensation temperature T0 and the correspond-
ing thermal wavelength λ0 = h/
√
2pimkBT0 as
1 = − λ0T
ζ(3/2)(M + 1)aT0
∞∑
n=1
M+1∑
i=1
ln
[
1− eβ(µ−εκi,n )
]
.
(6)
The internal energy U is obtained from
U =
∑
n,i
(
L
2pi
)2 ∫
dkxdky
εkx + εky + εκi,n
eβ(εkx+εky+εκi,n−µ) − 1
.
Again, integration over kx, ky and using the IBG con-
densation temperature yields
U
NkBT
=
λ0
ζ(3/2)(M + 1)a
∑
n,i
[
T
T0
g2(ακi,n)+
εκi,n
kBT0
g1(ακi,n)
]
, (7)
where gσ(z) is the σ-th order Bose function [17].
The specific heat at constant volume is CV =
(∂U/∂T )V yielding
CV
NkB
=
√
4piγ
ζ(3/2)(M + 1)
∑
κi,n
[
2T
T0
g2(ακi,n)+
2γεg1(ακi,n) + (γεκi,n)
2 T0
T
g0(ακi,n) + f(µ)
]
,(8)
where γ = λ20/4pia
2, ζ is the Riemann Zeta-function and
f(µ) =
(
T
∂µ
∂T
− µ
)[√
γ
4pi
T0
T
+ γ2εκi,ng0(ακi,n)
]
. (9)
where we have used dimensionless units, namely µ =
µ/(~2/2ma2) and εκi,n = εκi,n/(~
2/2ma2).
The effects of disorder in the specific heat of the sys-
tem may be analyzed by introducing random variations in
the positions of the barriers (structural disorder) through
zj → (j + δj)a with |δj | < 1, a random number. Al-
ternately, a random variation on the strengths of the
barriers can mimic compositional disorder by setting
Λj → (1+δj)Λ. In the former case, we probe a sample of
M = 10 barriers at varying positions. The specific heat
for several trials in the choice of δj for the positions of
the layers is shown in Fig. 3 where a 10 percent random
variation is adopted. The case of compositional disorder
is shown in Fig 4 for a 90 percent random variation of
δj in the strengths of the delta potentials. In both cases,
the maximum of the specific heat increases and its tem-
perature is always higher than the corresponding values
of the reference, ordered system, as well as the average
curve from several random trials labeled 1,2,3,4 in the
figures. However, when vacancies are introduced a dra-
matic effect in the specific heat is observed as shown in
the next Section.
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FIG. 3: (Color online) Specific heat for random 10 percent
variations in the position of the barriers for a system of M =
10 planes of equal strength, Λ = 10. Each curve denotes a
different set of random trials
IV. EFFECT OF VACANCIES
Using a small sample of M = 10 planes, we calcu-
late CV when a number of vacancies is produced by set-
ting Λj = 0 for some j
′s. We start by removing walls
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FIG. 4: (Color online) Specific heat for random 90 percent
variations in the strength of the barriers for a system of
M = 10 ordered planes. Each curve denotes a different set of
random trials
in progressive positions. When one wall is removed, a
level in each energy package of the ordered case jumps
down thereby modifying the energy gap between the low-
est level and the following one. This phenomenon pro-
duces an effective energy gap in the first set of energy
levels whose magnitude depends on the position of the
removed wall.
Tmax CV (Tmax) gap [~
2/2ma2] site
1.39100100 2.590968641 4.617840120 1
1.40013969 2.610722976 4.741202730 2
1.40019796 2.610862299 4.762015852 3
1.40019848 2.610863260 4.791629539 4
1.40019849 2.610863267 4.835378530 5
TABLE I: Specific heat height CV (Tmax) at Tmax for systems
with one site vacancy indicated in column 4.
The largest gap appears when one layer near the cen-
ter of the sample is removed. In Table 1 we show the
specific heat maxima CV (Tmax) as well as the tempera-
ture Tmax where the specific heat attains its maximum,
and the magnitude of the energy gap when the layer in
a specific site is removed. The gap, CV (Tmax) and Tmax
increases as the position of the removed layer varies from
site 1 (near the edge) to site 5. We claim that the in-
crease in CV (Tmax) and Tmax is caused by the appear-
ance of this gap since for a 3D infinite ideal Bose gas with
a quadratic dispersion relation plus a gap, both the BEC
critical temperature and specific heat height at its critical
temperature increase as a function of the gap magnitude
[16]. Since our system is semi-infinite the specific heat
is unable to develop a sharp peak which is a signature
of a phase transition. Instead a pronounced maximum is
observed which suggests a precursor of a BEC transition
since it becomes sharper as the size of the system grows
as shown in Figs. 6 to 8. The removal of additional walls
has a comparable effect in the energy levels. Each sup-
pression moves down one level and if the removed walls
were in symmetrical sites, the lowest levels are degener-
ate.
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FIG. 5: (Color online) Specific heat for a system of 10 delta-
function planes (ordered system) and with the indicated va-
cancies with Λ = 10, a/λ0 = 1. The curve labeled FBG is
the specific heat of a free boson gas confined in the finite box.
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FIG. 6: (Color online) Specific heat for a system with 10
delta-function planes with indicated vacancies with Λ = 10,
a/λ0 = 1.
A similar behavior is observed in a larger sample with
M = 100 planes as shown in Figs. 7 and 8. In Fig. 5 we
show the effects when there are two vacancies compared
to the ordered case and the free boson gas. The removal
5at the edge of one or two planes shows a dramatic in-
crease in the first maximum of the specific heat at some-
what larger temperatures. This maximum is even more
pronounced when there are two consecutive vacancies in
the middle of the sample. Figure 6 shows the effects of
additional vacancies in the system. The specific heat
in the ordered system has two maxima as a function of
temperature. The maximum at the lower temperature is
a signature of a BEC transition for a Bose gas confined
in an infinite layered structure that would be present in
the infinite system which appears at a critical tempera-
ture lower than T0 as discussed in Ref. [1]. The second
maximum signals the onset of the BEC of an ideal Bose
gas between two consecutive walls. When vacancies are
introduced, either at symmetric or at random sites as
shown in Figs. 7 and 8, respectively, the second maxi-
mum is suppressed and the first peak has a sharp increase
both, in its magnitude and in the temperature.
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FIG. 7: (Color online) M = 100, P0 = 10, a/λ0 = 1. Specific
heat for a system with 100 delta-function planes (ordered sys-
tem) and with a proportion of removed planes from symmetric
sites.
V. CONCLUSIONS
Lattice disorder is known to produce localization in
Fermi and, more recently, in Bose systems in the ther-
modynamic limit. In this work, we have studied the ef-
fects of lattice disorder in the specific heat of finite, Bose
systems by introducing random variations in the posi-
tions and/or strengths of the planes. The overall effect of
these variations is to modify the position, as a function of
the temperature, of the maximum of the specific heat to
higher temperatures. Its magnitude also increases when
a large number of random samples is considered. How-
ever, when disorder is caused by the suppression of a
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FIG. 8: (Color online) M = 100, P0 = 10, a/λ0 = 1. Same as
the preceding figure but with a random proportion of removed
planes.
random number of planes in the z−direction a dramatic
effect is observed. In the case of a small sample with
M = 10 walls, the lower temperature maximum of the
specific heat increases by a large amount and it occurs
at larger temperatures compared to the ordered and the
free Bose gas cases. In addition, the maximum at higher
temperatures disappears. As more walls are removed,
the magnitude of the first maximum decreases.
The case of a larger sample (M = 100) reveals a sim-
ilar behavior albeit in a more dramatic way. Vacancies
were introduced in symmetric or random configurations.
In both cases, the removal of about 20 walls increased
the magnitude of the maximum of CV by twice the value
in the ordered system and it appeared at higher temper-
atures. This behavior indicates that the large increase
in the magnitude of the specific heat maximum is caused
by the appearance of a gap in the energy spectrum. It
also suggests that a critical number of plane vacancies
promotes the emergence of a condensate phase at a tem-
perature above the IBG critical temperature.
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